We investigate the emission properties of a single semiconductor quantum dot deterministically coupled to a confined optical mode in the weak coupling regime. A strong pulling, broadening and narrowing of the cavity mode emission is evidenced when changing the spectral detuning between the emitter and the cavity. These features are theoretically accounted for by considering the phonon assisted emission of the quantum dot transition. These observations highlight a new situation for cavity quantum electrodynamics involving spectrally broad emitters.
Progresses in nanotechnologies allow to efficiently couple solid-state optical resonators such as dielectric cavities or plasmonic antennas to artificial atoms like NV centers in diamond [1] , nanocrystals [2] or semi-conductor quantum dots [3] [4] [5] . Such optical media benefit from strong light-matter interaction and show single photon sensitivity [6] [7] [8] [9] [10] , opening the path to scalable quantum information processing on chip. However, despite their similarities with real atoms, artificial ones show very different emission properties, due to their coupling to the solid-state environment they are embedded in, whether phononic [11] [12] [13] or electrostatic [14] [15] [16] . This strong interaction leads to a broadening of the emission line which can eventually overcome the cavity line.
Although this "bad emitter regime" has been mostly considered a drawback for practical purposes, recent works have suggested that it could be a resource for quantum light generation. Indeed, coupling a spectrally broadened emitter to a high quality factor resonator induces Purcell enhancement of mechanisms resonant with the mode, leading to the intense emission of photons at the resonator frequency, even when the detuning between the mode and the emitter is large. This "cavity-feeding" effect has been extensively studied for semiconductor quantum dots (QDs) [17] [18] [19] [20] and has been proposed to build wavelength stabilized single photon sources [21] or single emitter based lasers [22] . Very recently, these ideas have been exploited to demonstrate a narrowband tunable single photon source at room temperature with a NV center coupled to an optical fiber based cavity [23] .
From the fundamental point of view, this bad emitter limit allows exploring a situation for cavity quantum electrodynamics not investigated with real atoms so far. In this framework, semiconductor self-assembled QDs are particularly interesting objects. Recent progresses in technology have allowed to prepare the ideal system of a single QD presenting a controlled coupling with a single mode optical resonator [5, 24] . In the present work, we study the emission of a QD deterministically coupled to a pillar cavity mode of low quality factor and evidence a new effect appearing in this bad emitter regime. Phonon assisted emission leads to a pulling of the cavity emission toward the QD line as well as broadening or narrowing depending on the QD-cavity detuning. These observations present similarities with the well-known cavity pulling effect in lasers with thousands of atoms [25] [26] [27] [28] . They are here attained with a single emitter in the weak coupling regime.
We study the emission of single InGaAs QDs inserted in GaAs/AlGaAs micropillar cavities and present experimental results on two QD-pillars cavities, both operating in the weak coupling regime. The first pillar has been obtained without a deterministic technology: it embeds several QDs including QD1 close to spectral resonance with the cavity mode but not located at the maximum of the electric field. The second pillar has been deterministically fabricated using the in-situ lithography technique. It embeds QD2, close to spectral resonance with the cavity mode, located within 50 nm from its center, ensuring an optimal Purcell effect (see reference [24] for details on the pillars fabrication). Each pillar is non-resonantly excited in the continuous wave regime at 800 nm. The photoluminescence signal is collected from the top of the pillar and analyzed with a spectrometer with a 50-100 µeV spectral resolution. Figure 1b shows the emission spectra as a function of temperature and energy for the cavity non deterministically coupled to QD1. Spectrally narrow emission lines with a strong energy dependence on temperature arise from the QD emission. The broader line presenting a The emission from the cavity channel is measured. We study two pillars: the first one embeds QD1 non deterministically coupled to the mode, whereas the second one is deterministically and optimally coupled to QD2. Both pillars operate in the weak coupling regime. b: Emission spectra measured for various temperatures on QD1, presenting a poor coupling to the pillar mode. The two narrow emission lines corresponds to the single QD emission lines and the broad emission to the cavity mode. The red and blue lines are lorentzian fits to the experimental data. c-e: Characteristics of the QD and cavity system deduced from emission spectroscopy: Energy (c), Intensity (d) and Linewidth (e) of the QD (black) emission line and the cavity (red) emission line.
smaller energy variation with temperature corresponds to the emission within the cavity mode. This emission observed even when the detuning between the QD and the mode is large is the so-called "cavity feeding" [17, 18] , namely the Purcell enhancement of broadband "background" emission. When several QDs are inserted in the cavity without deterministic positioning, this emission partially arises from non resonant QDs [17, 19] which behave as internal white sources and allow to measure the intrinsic characteristics of the mode. The properties of the QD1-cavity system are extracted by routinely fitting the experimental curves with a sum of two lorentzian peaks, one for the QD lines (blue), the other for the cavity emission line (red). The line positions, intensities and linewidths are shown as a function of temperature in figure 1c. The QD and cavity emission lines continuously shift to lower energies with temperature. The QD emission slightly increases at resonance because of a small Purcell effect while the cavity line intensity does not show changes related to the QD resonance. Last, the cavity linewidth slightly varies across the resonance, but only in the range of 20%. Note that in all experiments reported here, the measured QD emission linewidth is limited by the experimental setup resolution. Figure 2 reports significantly different features, observed on the deterministically coupled QD2-cavity device. Figure 2a shows the emission intensity as a function of energy and temperature for QD2 where three emission lines (charged exciton (CX), neutral exciton (X) and biexciton (XX)) are successively brought into resonance with the cavity mode through temperature tuning. Figure 2b and 2c present two emission spectra for two detunings (vertical white lines in figure 2a) where a cavity emission linewidth differing by almost a factor 2 is observed, showing a strong dependence of the mode properties on the QD transitions-cavity detuning.
This dependence is confirmed in figure 2d-f presenting the emission properties deduced by fitting each spectrum by a sum of lorentzian peaks. We only plot the fit results for detunings where the two lines are well resolved spectrally. Unlike in Fig. 1c , the mode energy displays a S-like temperature dependence (figure 2d) in between two spectral resonance between the QD transition line. Figure 2e presents the spectrally integrated intensity emission of the QD and cavity lines. For each spectral resonance, the increase in the QD emission intensity corresponds to a significant decrease of the mode intensity. Finally, the cavity emission linewidth shown in figure 2f presents strong variations with detuning, exceeding a factor 2.5: the cavity line is broader when the mode stands in between two QD lines.
Observing these new features has been made possible thanks to a full control in the QD-cavity coupling: the cavity distortion is observed on every deterministically coupled QD-pillar device [24] with quality factor around 1000-5000, the lower the Q, the larger the distortion. In an ideally coupled QD-cavity system, the cavity emission is expected to arise mostly from phonon sidebands in the small detuning range [29] . In the following, the emission spectra of a single QD exciton weakly coupled to a cavity mode and to the phonon bath continuum [29, 30] is calculated using Fermi's golden rule. Contrary to recent works [31, 32] , no direct incoherent pumping of the mode is introduced: we show that the cavity distortion indeed arises from cavity pulling effects when the QD phonon sidebands mainly participate to cavity feeding.
The coupling of a QD discrete state to acoustic phonons leads to the appearance of emission sidebands which spread over a few meV spectral range [12, 13] . They result from the emission of a photon assisted by acoustic phonon emission or absorption. The initial state is the excited quantum dot with a given thermal distribution for the acoustic phonon bath. It decays towards a continuum of electromagnetic and phononic modes. The emission spectrum S QD (ω, T ) of a QD in bulk at temperature T is analytically calculated by exact diagonalization of the independent boson model Hamiltonian (see supplementary materials). At low temperatures, the spontaneous emission spectrum is given by S QD (ω, T ) = Γ ZPL (ω) + Γ 1PL (T, ω). The first term Γ ZPL (ω) describes the QD zero-phonon line (ZPL), proportional to a Dirac delta function, which is phenomenologically substituted here by a lorentzian. The second term accounts for the temperature dependent one phonon line (1PL), given by
where the first term corresponds to the emission of a phonon and the second term to absorption. Γ 1PL (ω) is the one phonon line at zero temperature,Γ 1PL (ω) its mirror function with respect to the ZPL central energy and n(ω, T ) is the Bose-Einstein average number of phonons with frequency ω q = ω 0 − ω. When inserted in a cavity, the QD interact with an ensemble of electromagnetic mode whose density is given by the cavity normalized spectrum
, where κ is the bare cavity linewidth and ω c its frequency. The normalized spontaneous emission spectrum of the QD weakly coupled to a cavity is S(ω) = S cav (ω) × S QD (ω, T )/Γ where Γ = dω S cav (ω) S QD (ω, T ). S(ω) is obtained experimentally by collecting the emission through the cavity channel (Fig.1a) . The emission spectrum presents two terms arising from the QD ZPL and 1PL. Since the cavity linewidth is much larger than the ZPL linewidth, the first term is given by S cav (ω) × Γ ZPL (ω) ≈ Γ ZPL (ω). It corresponds to the QD like emission line in the experiment. The second term stems from the QD phonon sideband filtered by the cavity mode S cav (ω) × Γ 1PL (T, ω). It is this term that gives rise to the cavity like emission, whose behavior is now theoretically analysedIt corresponds to the cavity like emission in the experiment. Figure 3a shows the calculated spectra for a cavity mode with quality factor Q=1000, positively detuned by 1 meV from the QD ZPL, at 40 K. The green line in figure  3a presents the QD emission spectrum S QD (ω, T ). The main peak corresponds to the ZPL. The phonon sideband is almost symmetrical on both sides of the ZPL because a significant phonon population. The red line represents the cavity spectrum S cav (ω, T ). The black curve is the calculated emission spectrum S showing two peaks with a cavity emission line pulled toward the QD line. Moreover, the cavity emission linewidth is significantly narrower than the bare cavity spectrum.
To elucidate the influence of various parameters on the cavity distortion, S is calculated as a function of the detuning. The apparent cavity energy, intensity and linewidth are extracted from a multi-lorentzian fit to mimic the experimental procedure. Figure 3c presents these parameters as a function of detuning for three bare cavity quality factors Q = ω c /κ. The displaced mode energy is plotted with respect to the QD ZPL. The blue line represents the bare cavity mode. Figure 3b shows that the cavity emission is pulled toward the QD energy. This pulling is strongest when the mode Q is low. It can be shown that the emission maximum is obtained at a frequency given by
approximating the 1PL with a lorentzian shape of linewidth κ 1P L and considering the small detunings range |ω c − ω QD | << κ 1P L , κ. Note that this simple equation is very similar to the one giving the pulled frequency in atomic gas laser [26] . It is plotted in figure   3 .b (dotted lines) for κ 1P L = 1.5meV and gives a good approximation of the cavity pulling effect for small detunings. In particular, the cavity like behavior follows the bare cavity behavior when the Q is high. This corresponds to a case where phonon assisted mechanisms act as a built in white light source inside the resonator. On the contrary, strong cavity pulling is expected when the Q is low, as observed in Fig. 3a and in Fig.2 .
The symbols in figure 3c show that the mode intensity decreases when approaching the resonance with the QD line, as observed experimentally. The normalized cavityfiltered 1PL emission S cav (ω) × Γ 1PL (T, ω)dω/Γ is also plotted (thin solid lines). A good agreement is found with the intensity deduced from the lorentzian fit. Last, figure 3d shows the calculated cavity linewidth as a function of detuning (symbols). For small quality factors, the phonon sideband mainly leads to a narrowing of the cavity line, i.e. an apparent increase of Q. For larger Q both apparent reduction or increase of Q are predicted, depending on the slope of the phonon sideband spectrum at a given detuning.
Our theoretical framework allows to account for most of the experimental observations as displayed in figure  2 .g-i. The QD-cavity emission properties are calculated for several QD lines coupled to the cavity mode. To simplify, the QD-cavity detuning is assumed linear with detuning. The measured spectrum is the average of spectra corresponding to the QD being either in the X, CX or XX state. Here, equal occupation probability of the states is assumed. Each QD line experiences the optimal coupling to the cavity mode and to the phonons. As observed in figure 2d-f, the calculated cavity mode is pulled toward the closest QD transition. In between two transitions, the mode is fed by the phonon sidebands of both QD lines, resulting in significant slope changes in the line energy and in cavity line broadening. Finally, close to each resonance, the increase in the QD emission corresponds to a decrease in the cavity line intensity, as observed experimentally. Indeed, the QD emits a single photon either in the 1PL or in the ZPL, with a fraction depending on the Purcell effect of each line. When the ZPL is on resonance, the ZPL Purcell enhancement is larger than for the 1PL: the single photon is mainly emitted in the ZPL, at the expense of the 1PL, feeding the cavity line.
While most experimental observations are well accounted theoretically, we note that our experiments show additional features very close to each QD line resonance where the cavity line presents an avoided crossing with the mode. This mode pushing is especially clear for the CX resonance (see figure 2d ). These features are not reproduced theoretically using the bulk phonon dispersion. Since the cavity probes the phonon sideband emission, the avoiding crossing at resonance indicates the presence of discrete phonon modes. The existence of such confined phonon modes has recently been proposed in III-V micropillars cavities [33] .
In conclusion, we have evidenced cavity pulling effects for a single artificial atom coupled to a microcavity in the weak coupling regime. These observations, obtained thanks to a full control of the emitter-cavity coupling, show a strong distortion of the cavity spectrum induced by the phonon sideband. We note that emission spectroscopy is commonly used to measure the properties of a cavity mode coupled to a solid state single emitter, whether the emitter is a self assembled QD, a NV center in diamond or a colloidal QD. However, our work shows that this techniques can lead to strong uncertainties on both the deduced cavity linewidth and spectral position: the coupling to the solid state environment induces new phenomena appearing in the bad emitter limit for cavity quantum electrodynamics.
